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Five Definitions
1 A group is a set S (set)

2 with a binary operation * on S (magma)

3 that’s associative, (semigroup)

4 has an identity e, (monoid)

5 and has inverses for every element. (group)
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Generators

To compute: 


Use generators: 


Then compute: 


Problem: 

x ⇤ y
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<latexit sha1_base64="gdanvrrTtYgSfxEtowM/E2XXcFk=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAI4qLMtEjdFAtuXEkF+4B2KJk0bUMzmSHJCHXol7hxoYhbP0VX/o3ptAttPSGXwzn3kpvjR5wp7TjfVmZtfWNzK7ud29nd28/bB4dNFcaS0AYJeSjbPlaUM0EbmmlO25GkOPA5bfnj65nfeqBSsVDc60lEvQAPBRswgrWRena+UnXPL8wpVdPaswtO0UmBVom7IIWrr3KKes/+7PZDEgdUaMKxUh3XibSXYKkZ4XSa68aKRpiM8ZB2DBU4oMpL0sWn6NQofTQIpblCo1T9PZHgQKlJ4JvOAOuRWvZm4n9eJ9aDSy9hIoo1FWT+0CDmSIdolgLqM0mJ5hNDMJHM7IrICEtMtMkqZ0Jwl7+8Spqlolsulu7cQu0W5sjCMZzAGbhQgRrcQB0aQCCGJ3iBV+vRerberPd5a8ZazBzBH1gfP0KKkn4=</latexit>



0

0 = 22

1

1 = e

2

2

3

3 = 5 · 2
4

4 = 52

5

5

6

6 = 2 · 5

7

7 = 22 · 5

7 = 1 ⇤ 2 ⇤ 2 ⇤ 5 = 2 ⇤ 2 ⇤ 5
<latexit sha1_base64="zL8Zl6WWZ0YYBh6SXfmhAtg0yus=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAI4qLMtEjdFAtuXEkF+4B2KJk0bUMzmSHJCHXol7hxoYhbP0VX/o3ptAttPSGXwzn3kpvjR5wp7TjfVmZtfWNzK7ud29nd28/bB4dNFcaS0AYJeSjbPlaUM0EbmmlO25GkOPA5bfnj65nfeqBSsVDc60lEvQAPBRswgrWRena+UnXPS+ZcVNPaswtO0UmBVom7IIWrr3KKes/+7PZDEgdUaMKxUh3XibSXYKkZ4XSa68aKRpiM8ZB2DBU4oMpL0sWn6NQofTQIpblCo1T9PZHgQKlJ4JvOAOuRWvZm4n9eJ9aDSy9hIoo1FWT+0CDmSIdolgLqM0mJ5hNDMJHM7IrICEtMtMkqZ0Jwl7+8Spqlolsulu7cQu0W5sjCMZzAGbhQgRrcQB0aQCCGJ3iBV+vRerberPd5a8ZazBzBH1gfPzk8kng=</latexit>

7 = 1 ⇤ 5 ⇤ 5 ⇤ 2 = 5 ⇤ 5 ⇤ 2
<latexit sha1_base64="gdanvrrTtYgSfxEtowM/E2XXcFk=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAI4qLMtEjdFAtuXEkF+4B2KJk0bUMzmSHJCHXol7hxoYhbP0VX/o3ptAttPSGXwzn3kpvjR5wp7TjfVmZtfWNzK7ud29nd28/bB4dNFcaS0AYJeSjbPlaUM0EbmmlO25GkOPA5bfnj65nfeqBSsVDc60lEvQAPBRswgrWRena+UnXPL8wpVdPaswtO0UmBVom7IIWrr3KKes/+7PZDEgdUaMKxUh3XibSXYKkZ4XSa68aKRpiM8ZB2DBU4oMpL0sWn6NQofTQIpblCo1T9PZHgQKlJ4JvOAOuRWvZm4n9eJ9aDSy9hIoo1FWT+0CDmSIdolgLqM0mJ5hNDMJHM7IrICEtMtMkqZ0Jwl7+8Spqlolsulu7cQu0W5sjCMZzAGbhQgRrcQB0aQCCGJ3iBV+vRerberPd5a8ZazBzBH1gfP0KKkn4=</latexit>

) 2 ⇤ 2 ⇤ 5 = 5 ⇤ 5 ⇤ 2
<latexit sha1_base64="ZAPBWvBPphibllqWW6ie2tvtmOE=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQZIuwuyFoIwZsrCSCSYRkCbOTm2TI7IOZWSGsKfwVGwtFbP0NrfwbJ5sUmnhg4HDOvdwzx485k8q2v43c0vLK6lp+vbCxubW9Y+7uNWSUCAp1GvFI3PlEAmch1BVTHO5iASTwOTT94eXEb96DkCwKb9UoBi8g/ZD1GCVKSx3zoK0GIKAXCcCu5VqV84pVsdyOWbRLdga8SJwZKV58lTPUOuZnuxvRJIBQUU6kbDl2rLyUCMUoh3GhnUiICR2SPrQ0DUkA0kuz/GN8rJUu1hn0CxXO1N8bKQmkHAW+ngyIGsh5byL+57US1TvzUhbGiYKQTg/1Eo5VhCdl4C4TQBUfaUKoYDorpgMiCFW6soIuwZn/8iJpuCWnXHJvnGL1Gk2RR4foCJ0gB52iKrpCNVRHFD2gJ/SCXo1H49l4M96nozljtrOP/sD4+AG0iJYy</latexit>



0 1

2

3

4

5

6

7





x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>



x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>



x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>

x ⇤ y = y
<latexit sha1_base64="1JputGxxk3b38f3MtGbFjmOfXp0=">AAAB7HicbZC7SgNBFIbPxluMl0QtbQaDKBZhNxZaKARsrCSCmwSSJcxOJsmQ2dllZlZcljyDjYUitr6Ab2LnA9jmGZxcCk38YeDj/89hzjl+xJnStv1lZZaWV1bXsuu5jc2t7XxhZ7emwlgS6pKQh7LhY0U5E9TVTHPaiCTFgc9p3R9cjfP6PZWKheJOJxH1AtwTrMsI1sZyH06Sy6RdKNoleyK0CM4MipWj0Sh/8fFdbRc+W52QxAEVmnCsVNOxI+2lWGpGOB3mWrGiESYD3KNNgwIHVHnpZNghOjROB3VDaZ7QaOL+7khxoFQS+KYywLqv5rOx+V/WjHX33EuZiGJNBZl+1I050iEab446TFKieWIAE8nMrIj0scREm/vkzBGc+ZUXoVYuOael8q1TrNzAVFnYhwM4BgfOoALXUAUXCDB4hGd4sYT1ZL1ab9PSjDXr2YM/st5/AB/FkrA=</latexit>



y = 1 ⇤ red ⇤ red ⇤ blue
<latexit sha1_base64="UsD97XltOPpT+XTwEG4AWFRVvqA=">AAACDnicbZC7SgNBFIZnvcZ4W7W0WQwBsQi7UdBGCdhYRjAXSJYwOzlJhsxemDkrLss+gY2vYmOhiK21nW/jJNlCE38Y+PjPOZw5vxcJrtC2v42l5ZXVtfXCRnFza3tn19zbb6owlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vp7UW/cgFQ+DO0wicH06DPiAM4ra6pnl5NI56SI8YCqhny2iJ2LIembJrthTWYvg5FAiueo986vbD1nsQ4BMUKU6jh2hm1KJnAnIit1YQUTZmA6hozGgPig3nZ6TWWXt9K1BKPUL0Jq6vydS6iuV+J7u9CmO1HxtYv5X68Q4uHBTHkQxQsBmiwaxsDC0JtlYfS6BoUg0UCa5/qvFRlRShjrBog7BmT95EZrVinNaqd6elWpXeRwFckiOyDFxyDmpkRtSJw3CyCN5Jq/kzXgyXox342PWumTkMwfkj4zPH1GCnOs=</latexit>

x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>

x ⇤ y = x ⇤ (1 ⇤ g1 ⇤ · · · ⇤ gk) substitution

= x ⇤ (g1 ⇤ · · · ⇤ gk) identity

= (· · · (x ⇤ g1) ⇤ · · · ) ⇤ gk) associativity
<latexit sha1_base64="nqSB5RjvJ1mhxyVAjAeZWN9odxI="></latexit>

y = 1 ⇤ g1 ⇤ · · · ⇤ gk
<latexit sha1_base64="7et3kpzSTxwynY72TTYdZcpF30A=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiSBclqYJulIIblxXsBdoQJpNJO3QyE2YmYgh9FTcuFHHri7jzbZy2WWjrDwMf/zmHc+YPEkaVdpxvq7S2vrG5Vd6u7Ozu7R/Yh9WuEqnEpIMFE7IfIEUY5aSjqWakn0iC4oCRXjC5ndV7j0QqKviDzhLixWjEaUQx0sby7Wp27dZHvlsf4lBoZXDi2zWn4cwFV8EtoAYKtX37axgKnMaEa8yQUgPXSbSXI6kpZmRaGaaKJAhP0IgMDHIUE+Xl89un8NQ4IYyENI9rOHd/T+QoViqLA9MZIz1Wy7WZ+V9tkOroysspT1JNOF4silIGtYCzIGBIJcGaZQYQltTcCvEYSYS1iatiQnCXv7wK3WbDPW807y9qrZsijjI4BifgDLjgErTAHWiDDsDgCTyDV/BmTa0X6936WLSWrGLmCPyR9fkDblyTZQ==</latexit>



y = 1 ⇤ red ⇤ red ⇤ blue
<latexit sha1_base64="UsD97XltOPpT+XTwEG4AWFRVvqA=">AAACDnicbZC7SgNBFIZnvcZ4W7W0WQwBsQi7UdBGCdhYRjAXSJYwOzlJhsxemDkrLss+gY2vYmOhiK21nW/jJNlCE38Y+PjPOZw5vxcJrtC2v42l5ZXVtfXCRnFza3tn19zbb6owlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vp7UW/cgFQ+DO0wicH06DPiAM4ra6pnl5NI56SI8YCqhny2iJ2LIembJrthTWYvg5FAiueo986vbD1nsQ4BMUKU6jh2hm1KJnAnIit1YQUTZmA6hozGgPig3nZ6TWWXt9K1BKPUL0Jq6vydS6iuV+J7u9CmO1HxtYv5X68Q4uHBTHkQxQsBmiwaxsDC0JtlYfS6BoUg0UCa5/qvFRlRShjrBog7BmT95EZrVinNaqd6elWpXeRwFckiOyDFxyDmpkRtSJw3CyCN5Jq/kzXgyXox342PWumTkMwfkj4zPH1GCnOs=</latexit>

x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>

x ⇤ y = x ⇤ (1 ⇤ g1 ⇤ · · · ⇤ gk) substitution

= x ⇤ (g1 ⇤ · · · ⇤ gk) identity

= (· · · (x ⇤ g1) ⇤ · · · ) ⇤ gk) associativity
<latexit sha1_base64="nqSB5RjvJ1mhxyVAjAeZWN9odxI="></latexit>

y = 1 ⇤ g1 ⇤ · · · ⇤ gk
<latexit sha1_base64="7et3kpzSTxwynY72TTYdZcpF30A=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiSBclqYJulIIblxXsBdoQJpNJO3QyE2YmYgh9FTcuFHHri7jzbZy2WWjrDwMf/zmHc+YPEkaVdpxvq7S2vrG5Vd6u7Ozu7R/Yh9WuEqnEpIMFE7IfIEUY5aSjqWakn0iC4oCRXjC5ndV7j0QqKviDzhLixWjEaUQx0sby7Wp27dZHvlsf4lBoZXDi2zWn4cwFV8EtoAYKtX37axgKnMaEa8yQUgPXSbSXI6kpZmRaGaaKJAhP0IgMDHIUE+Xl89un8NQ4IYyENI9rOHd/T+QoViqLA9MZIz1Wy7WZ+V9tkOroysspT1JNOF4silIGtYCzIGBIJcGaZQYQltTcCvEYSYS1iatiQnCXv7wK3WbDPW807y9qrZsijjI4BifgDLjgErTAHWiDDsDgCTyDV/BmTa0X6936WLSWrGLmCPyR9fkDblyTZQ==</latexit>



y = 1 ⇤ red ⇤ red ⇤ blue
<latexit sha1_base64="UsD97XltOPpT+XTwEG4AWFRVvqA=">AAACDnicbZC7SgNBFIZnvcZ4W7W0WQwBsQi7UdBGCdhYRjAXSJYwOzlJhsxemDkrLss+gY2vYmOhiK21nW/jJNlCE38Y+PjPOZw5vxcJrtC2v42l5ZXVtfXCRnFza3tn19zbb6owlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vp7UW/cgFQ+DO0wicH06DPiAM4ra6pnl5NI56SI8YCqhny2iJ2LIembJrthTWYvg5FAiueo986vbD1nsQ4BMUKU6jh2hm1KJnAnIit1YQUTZmA6hozGgPig3nZ6TWWXt9K1BKPUL0Jq6vydS6iuV+J7u9CmO1HxtYv5X68Q4uHBTHkQxQsBmiwaxsDC0JtlYfS6BoUg0UCa5/qvFRlRShjrBog7BmT95EZrVinNaqd6elWpXeRwFckiOyDFxyDmpkRtSJw3CyCN5Jq/kzXgyXox342PWumTkMwfkj4zPH1GCnOs=</latexit>

x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>

x ⇤ y = x ⇤ (1 ⇤ g1 ⇤ · · · ⇤ gk) substitution

= x ⇤ (g1 ⇤ · · · ⇤ gk) identity

= (· · · (x ⇤ g1) ⇤ · · · ) ⇤ gk) associativity
<latexit sha1_base64="nqSB5RjvJ1mhxyVAjAeZWN9odxI="></latexit>

y = 1 ⇤ g1 ⇤ · · · ⇤ gk
<latexit sha1_base64="7et3kpzSTxwynY72TTYdZcpF30A=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiSBclqYJulIIblxXsBdoQJpNJO3QyE2YmYgh9FTcuFHHri7jzbZy2WWjrDwMf/zmHc+YPEkaVdpxvq7S2vrG5Vd6u7Ozu7R/Yh9WuEqnEpIMFE7IfIEUY5aSjqWakn0iC4oCRXjC5ndV7j0QqKviDzhLixWjEaUQx0sby7Wp27dZHvlsf4lBoZXDi2zWn4cwFV8EtoAYKtX37axgKnMaEa8yQUgPXSbSXI6kpZmRaGaaKJAhP0IgMDHIUE+Xl89un8NQ4IYyENI9rOHd/T+QoViqLA9MZIz1Wy7WZ+V9tkOroysspT1JNOF4silIGtYCzIGBIJcGaZQYQltTcCvEYSYS1iatiQnCXv7wK3WbDPW807y9qrZsijjI4BifgDLjgErTAHWiDDsDgCTyDV/BmTa0X6936WLSWrGLmCPyR9fkDblyTZQ==</latexit>



y = 1 ⇤ red ⇤ red ⇤ blue
<latexit sha1_base64="UsD97XltOPpT+XTwEG4AWFRVvqA=">AAACDnicbZC7SgNBFIZnvcZ4W7W0WQwBsQi7UdBGCdhYRjAXSJYwOzlJhsxemDkrLss+gY2vYmOhiK21nW/jJNlCE38Y+PjPOZw5vxcJrtC2v42l5ZXVtfXCRnFza3tn19zbb6owlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vp7UW/cgFQ+DO0wicH06DPiAM4ra6pnl5NI56SI8YCqhny2iJ2LIembJrthTWYvg5FAiueo986vbD1nsQ4BMUKU6jh2hm1KJnAnIit1YQUTZmA6hozGgPig3nZ6TWWXt9K1BKPUL0Jq6vydS6iuV+J7u9CmO1HxtYv5X68Q4uHBTHkQxQsBmiwaxsDC0JtlYfS6BoUg0UCa5/qvFRlRShjrBog7BmT95EZrVinNaqd6elWpXeRwFckiOyDFxyDmpkRtSJw3CyCN5Jq/kzXgyXox342PWumTkMwfkj4zPH1GCnOs=</latexit>

x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>

x ⇤ y = x ⇤ (1 ⇤ g1 ⇤ · · · ⇤ gk) substitution

= x ⇤ (g1 ⇤ · · · ⇤ gk) identity

= (· · · (x ⇤ g1) ⇤ · · · ) ⇤ gk) associativity
<latexit sha1_base64="nqSB5RjvJ1mhxyVAjAeZWN9odxI="></latexit>

y = 1 ⇤ g1 ⇤ · · · ⇤ gk
<latexit sha1_base64="7et3kpzSTxwynY72TTYdZcpF30A=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiSBclqYJulIIblxXsBdoQJpNJO3QyE2YmYgh9FTcuFHHri7jzbZy2WWjrDwMf/zmHc+YPEkaVdpxvq7S2vrG5Vd6u7Ozu7R/Yh9WuEqnEpIMFE7IfIEUY5aSjqWakn0iC4oCRXjC5ndV7j0QqKviDzhLixWjEaUQx0sby7Wp27dZHvlsf4lBoZXDi2zWn4cwFV8EtoAYKtX37axgKnMaEa8yQUgPXSbSXI6kpZmRaGaaKJAhP0IgMDHIUE+Xl89un8NQ4IYyENI9rOHd/T+QoViqLA9MZIz1Wy7WZ+V9tkOroysspT1JNOF4silIGtYCzIGBIJcGaZQYQltTcCvEYSYS1iatiQnCXv7wK3WbDPW807y9qrZsijjI4BifgDLjgErTAHWiDDsDgCTyDV/BmTa0X6936WLSWrGLmCPyR9fkDblyTZQ==</latexit>



y = 1 ⇤ red ⇤ red ⇤ blue
<latexit sha1_base64="UsD97XltOPpT+XTwEG4AWFRVvqA=">AAACDnicbZC7SgNBFIZnvcZ4W7W0WQwBsQi7UdBGCdhYRjAXSJYwOzlJhsxemDkrLss+gY2vYmOhiK21nW/jJNlCE38Y+PjPOZw5vxcJrtC2v42l5ZXVtfXCRnFza3tn19zbb6owlgwaLBShbHtUgeABNJCjgHYkgfqegJY3vp7UW/cgFQ+DO0wicH06DPiAM4ra6pnl5NI56SI8YCqhny2iJ2LIembJrthTWYvg5FAiueo986vbD1nsQ4BMUKU6jh2hm1KJnAnIit1YQUTZmA6hozGgPig3nZ6TWWXt9K1BKPUL0Jq6vydS6iuV+J7u9CmO1HxtYv5X68Q4uHBTHkQxQsBmiwaxsDC0JtlYfS6BoUg0UCa5/qvFRlRShjrBog7BmT95EZrVinNaqd6elWpXeRwFckiOyDFxyDmpkRtSJw3CyCN5Jq/kzXgyXox342PWumTkMwfkj4zPH1GCnOs=</latexit>

x
<latexit sha1_base64="a/i0umELOy5B/XkAWyZMHDXMxfQ=">AAAB6HicbZBNT8JAEIan+IX4hXr00khMPJEWDnqTxIsnA4l8JNCQ7TKFle222d0aScMv8OJBY7z6k/Tkv3EpHBR8k02evO9Mdmb8mDOlHefbyq2tb2xu5bcLO7t7+wfFw6OWihJJsUkjHsmOTxRyJrCpmebYiSWS0OfY9sfXs7z9gFKxSNzpSYxeSIaCBYwSbazGY79YcspOJnsV3AWUrr6qmer94mdvENEkRKEpJ0p1XSfWXkqkZpTjtNBLFMaEjskQuwYFCVF5aTbo1D4zzsAOImme0Hbm/u5ISajUJPRNZUj0SC1nM/O/rJvo4NJLmYgTjYLOPwoSbuvInm1tD5hEqvnEAKGSmVltOiKSUG1uUzBHcJdXXoVWpexWy5WGW6rdwlx5OIFTOAcXLqAGN1CHJlBAeIIXeLXurWfrzXqfl+asRc8x/JH18QP4nI9N</latexit>

y
<latexit sha1_base64="JkUH+dVylHfYncONYIRqyJ2GdIs=">AAAB6HicbZC7SgNBFIbPxluMl0QtbRaDaBV2tdDCImBjJQmYCyRLmJ2cJGNmZ5eZWWFZ8gQ2ForY+gq+iZ0PYJtncHIpNPGHgY//P4c55/gRZ0o7zpeVWVldW9/Ibua2tnd284W9/boKY0mxRkMeyqZPFHImsKaZ5tiMJJLA59jwh9eTvPGAUrFQ3OkkQi8gfcF6jBJtrGrSKRSdkjOVvQzuHIrlk/E4f/XxXekUPtvdkMYBCk05UarlOpH2UiI1oxxHuXasMCJ0SPrYMihIgMpLp4OO7GPjdO1eKM0T2p66vztSEiiVBL6pDIgeqMVsYv6XtWLdu/RSJqJYo6Czj3oxt3VoT7a2u0wi1TwxQKhkZlabDogkVJvb5MwR3MWVl6F+VnLPS2dVt1i+hZmycAhHcAouXEAZbqACNaCA8AjP8GLdW0/Wq/U2K81Y854D+CPr/Qd/D5Ew</latexit>

x ⇤ y = x ⇤ (1 ⇤ g1 ⇤ · · · ⇤ gk) substitution

= x ⇤ (g1 ⇤ · · · ⇤ gk) identity

= (· · · (x ⇤ g1) ⇤ · · · ) ⇤ gk) associativity
<latexit sha1_base64="nqSB5RjvJ1mhxyVAjAeZWN9odxI="></latexit>

y = 1 ⇤ g1 ⇤ · · · ⇤ gk
<latexit sha1_base64="7et3kpzSTxwynY72TTYdZcpF30A=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiSBclqYJulIIblxXsBdoQJpNJO3QyE2YmYgh9FTcuFHHri7jzbZy2WWjrDwMf/zmHc+YPEkaVdpxvq7S2vrG5Vd6u7Ozu7R/Yh9WuEqnEpIMFE7IfIEUY5aSjqWakn0iC4oCRXjC5ndV7j0QqKviDzhLixWjEaUQx0sby7Wp27dZHvlsf4lBoZXDi2zWn4cwFV8EtoAYKtX37axgKnMaEa8yQUgPXSbSXI6kpZmRaGaaKJAhP0IgMDHIUE+Xl89un8NQ4IYyENI9rOHd/T+QoViqLA9MZIz1Wy7WZ+V9tkOroysspT1JNOF4silIGtYCzIGBIJcGaZQYQltTcCvEYSYS1iatiQnCXv7wK3WbDPW807y9qrZsijjI4BifgDLjgErTAHWiDDsDgCTyDV/BmTa0X6936WLSWrGLmCPyR9fkDblyTZQ==</latexit>





x ⇤ green = x ⇤ blue ⇤ green
<latexit sha1_base64="trFb8MwCG72iDB7pBpWoD/s87GY=">AAACEnicbVDLSgNBEJyNrxhfqx69LAZBPYTdKOhFCXjxGME8IAlhdtJJhszOLjO9krDkG7z4K148KOLVkzf/xslDMIkFDTVV3Ux3+ZHgGl3320otLa+srqXXMxubW9s79u5eWYexYlBioQhV1acaBJdQQo4CqpECGvgCKn7vZuRXHkBpHsp7HETQCGhH8jZnFI3UtE/6p3WEPiYdBSCHV79PX8QwnLGadtbNuWM4i8SbkiyZoti0v+qtkMUBSGSCal3z3AgbCVXImYBhph5riCjr0Q7UDJU0AN1IxicNnSOjtJx2qExJdMbq34mEBloPAt90BhS7et4bif95tRjbl42EyyhGkGzyUTsWDobOKB+nxRUwFANDKFPc7OqwLlWUoUkxY0Lw5k9eJOV8zjvL5e/Os4XraRxpckAOyTHxyAUpkFtSJCXCyCN5Jq/kzXqyXqx362PSmrKmM/tkBtbnDyOQnwU=</latexit>



x ⇤ green = x ⇤ blue ⇤ green
<latexit sha1_base64="trFb8MwCG72iDB7pBpWoD/s87GY=">AAACEnicbVDLSgNBEJyNrxhfqx69LAZBPYTdKOhFCXjxGME8IAlhdtJJhszOLjO9krDkG7z4K148KOLVkzf/xslDMIkFDTVV3Ux3+ZHgGl3320otLa+srqXXMxubW9s79u5eWYexYlBioQhV1acaBJdQQo4CqpECGvgCKn7vZuRXHkBpHsp7HETQCGhH8jZnFI3UtE/6p3WEPiYdBSCHV79PX8QwnLGadtbNuWM4i8SbkiyZoti0v+qtkMUBSGSCal3z3AgbCVXImYBhph5riCjr0Q7UDJU0AN1IxicNnSOjtJx2qExJdMbq34mEBloPAt90BhS7et4bif95tRjbl42EyyhGkGzyUTsWDobOKB+nxRUwFANDKFPc7OqwLlWUoUkxY0Lw5k9eJOV8zjvL5e/Os4XraRxpckAOyTHxyAUpkFtSJCXCyCN5Jq/kzXqyXqx362PSmrKmM/tkBtbnDyOQnwU=</latexit>

y ⇤ green 6= y ⇤ blue ⇤ green
<latexit sha1_base64="z4mHewaHVLL4bPohJg1wQcQIRNQ=">AAACFXicbVDLSgNBEJyNrxhfUY9eBoMgImE3CnqSgBePEcwDkhBmJ51kyOzsMtMrhiU/4cVf8eJBEa+CN//GyUMwiQUNRVU33V1+JIVB1/12UkvLK6tr6fXMxubW9k52d69iwlhzKPNQhrrmMwNSKCijQAm1SAMLfAlVv3898qv3oI0I1R0OImgGrKtER3CGVmplTwcnDYQHTLoaQA0bCuiv4ssYhjNuK5tz8+4YdJF4U5IjU5Ra2a9GO+RxAAq5ZMbUPTfCZsI0Ci5hmGnEBiLG+6wLdUsVC8A0k/FXQ3pklTbthNqWQjpW/04kLDBmEPi2M2DYM/PeSPzPq8fYuWwmQkUxguKTRZ1YUgzpKCLaFho4yoEljGthb6W8xzTjaIPM2BC8+ZcXSaWQ987yhdvzXPFqGkeaHJBDckw8ckGK5IaUSJlw8kieySt5c56cF+fd+Zi0ppzpzD6ZgfP5A2XOoDc=</latexit>



Five Definitions
1 A group is a set S (set)

2 with a binary operation * on S (magma)

3 that’s associative, (semigroup)

4 has an identity e, (monoid)

5 and has inverses for every element. (group)



Five Definitions
1 A group is a set S (set)

2 with a binary operation * on S (magma)

3 that’s associative, (semigroup)

4 has an identity e, (monoid)

5 and has inverses for every element. (group)



Invertibility

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>



Invertibility

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>



Invertibility

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>

y
<latexit sha1_base64="09pg/sjJIOGPLraOZRaZ1HBm0KM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AefXjP0=</latexit>



Invertibility

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>

y
<latexit sha1_base64="09pg/sjJIOGPLraOZRaZ1HBm0KM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AefXjP0=</latexit>

y ⇤ g�1
<latexit sha1_base64="NYdcgiWBlXh9l4kpZd9JimiPkOo=">AAAB73icbVBNSwMxEJ34WetX1aOXYBFEsOxWQU9S8OKxgv2Adi3ZNNuGZrNrkhWWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb7S0vLK6tl7YKG5ube/slvb2mzpKFGUNGolItX2imeCSNQw3grVjxUjoC9byRzcTv/XElOaRvDdpzLyQDCQPOCXGSu30dPCQnbnjXqnsVJwp8CJxc1KGHPVe6avbj2gSMmmoIFp3XCc2XkaU4VSwcbGbaBYTOiID1rFUkpBpL5veO8bHVunjIFK2pMFT9fdERkKt09C3nSExQz3vTcT/vE5igisv4zJODJN0tihIBDYRnjyP+1wxakRqCaGK21sxHRJFqLERFW0I7vzLi6RZrbjnlerdRbl2ncdRgEM4ghNw4RJqcAt1aAAFAc/wCm/oEb2gd/Qxa11C+cwB/AH6/AFk3o+I</latexit>



Invertibility

Location Invariance
x

<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>

y
<latexit sha1_base64="09pg/sjJIOGPLraOZRaZ1HBm0KM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AefXjP0=</latexit>

y ⇤ g�1
<latexit sha1_base64="NYdcgiWBlXh9l4kpZd9JimiPkOo=">AAAB73icbVBNSwMxEJ34WetX1aOXYBFEsOxWQU9S8OKxgv2Adi3ZNNuGZrNrkhWWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb7S0vLK6tl7YKG5ube/slvb2mzpKFGUNGolItX2imeCSNQw3grVjxUjoC9byRzcTv/XElOaRvDdpzLyQDCQPOCXGSu30dPCQnbnjXqnsVJwp8CJxc1KGHPVe6avbj2gSMmmoIFp3XCc2XkaU4VSwcbGbaBYTOiID1rFUkpBpL5veO8bHVunjIFK2pMFT9fdERkKt09C3nSExQz3vTcT/vE5igisv4zJODJN0tihIBDYRnjyP+1wxakRqCaGK21sxHRJFqLERFW0I7vzLi6RZrbjnlerdRbl2ncdRgEM4ghNw4RJqcAt1aAAFAc/wCm/oEb2gd/Qxa11C+cwB/AH6/AFk3o+I</latexit>



Invertibility

Location Invariance
x ⇤ (g1 ⇤ · · · ⇤ gk) = x ⇤ (g01 ⇤ · · · ⇤ g0k0)

(y ⇤ x�1) ⇤ x ⇤ g1 ⇤ · · · ⇤ gk = (y ⇤ x�1) ⇤ x ⇤ (g01 ⇤ · · · ⇤ g0k0)

y ⇤ (g1 ⇤ · · · ⇤ gk) = y ⇤ (g01 ⇤ · · · ⇤ g0k0)
<latexit sha1_base64="er+yF92xS7IJCTVe/1MxQwl/e3I="></latexit>

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>

y
<latexit sha1_base64="09pg/sjJIOGPLraOZRaZ1HBm0KM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AefXjP0=</latexit>

y ⇤ g�1
<latexit sha1_base64="NYdcgiWBlXh9l4kpZd9JimiPkOo=">AAAB73icbVBNSwMxEJ34WetX1aOXYBFEsOxWQU9S8OKxgv2Adi3ZNNuGZrNrkhWWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb7S0vLK6tl7YKG5ube/slvb2mzpKFGUNGolItX2imeCSNQw3grVjxUjoC9byRzcTv/XElOaRvDdpzLyQDCQPOCXGSu30dPCQnbnjXqnsVJwp8CJxc1KGHPVe6avbj2gSMmmoIFp3XCc2XkaU4VSwcbGbaBYTOiID1rFUkpBpL5veO8bHVunjIFK2pMFT9fdERkKt09C3nSExQz3vTcT/vE5igisv4zJODJN0tihIBDYRnjyP+1wxakRqCaGK21sxHRJFqLERFW0I7vzLi6RZrbjnlerdRbl2ncdRgEM4ghNw4RJqcAt1aAAFAc/wCm/oEb2gd/Qxa11C+cwB/AH6/AFk3o+I</latexit>



Invertibility

Location Invariance
x ⇤ (g1 ⇤ · · · ⇤ gk) = x ⇤ (g01 ⇤ · · · ⇤ g0k0)

(y ⇤ x�1) ⇤ x ⇤ g1 ⇤ · · · ⇤ gk = (y ⇤ x�1) ⇤ x ⇤ (g01 ⇤ · · · ⇤ g0k0)

y ⇤ (g1 ⇤ · · · ⇤ gk) = y ⇤ (g01 ⇤ · · · ⇤ g0k0)
<latexit sha1_base64="er+yF92xS7IJCTVe/1MxQwl/e3I="></latexit>

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>

y
<latexit sha1_base64="09pg/sjJIOGPLraOZRaZ1HBm0KM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AefXjP0=</latexit>

y ⇤ g�1
<latexit sha1_base64="NYdcgiWBlXh9l4kpZd9JimiPkOo=">AAAB73icbVBNSwMxEJ34WetX1aOXYBFEsOxWQU9S8OKxgv2Adi3ZNNuGZrNrkhWWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb7S0vLK6tl7YKG5ube/slvb2mzpKFGUNGolItX2imeCSNQw3grVjxUjoC9byRzcTv/XElOaRvDdpzLyQDCQPOCXGSu30dPCQnbnjXqnsVJwp8CJxc1KGHPVe6avbj2gSMmmoIFp3XCc2XkaU4VSwcbGbaBYTOiID1rFUkpBpL5veO8bHVunjIFK2pMFT9fdERkKt09C3nSExQz3vTcT/vE5igisv4zJODJN0tihIBDYRnjyP+1wxakRqCaGK21sxHRJFqLERFW0I7vzLi6RZrbjnlerdRbl2ncdRgEM4ghNw4RJqcAt1aAAFAc/wCm/oEb2gd/Qxa11C+cwB/AH6/AFk3o+I</latexit>



Invertibility

Location Invariance
x ⇤ (g1 ⇤ · · · ⇤ gk) = x ⇤ (g01 ⇤ · · · ⇤ g0k0)

(y ⇤ x�1) ⇤ x ⇤ g1 ⇤ · · · ⇤ gk = (y ⇤ x�1) ⇤ x ⇤ (g01 ⇤ · · · ⇤ g0k0)

y ⇤ (g1 ⇤ · · · ⇤ gk) = y ⇤ (g01 ⇤ · · · ⇤ g0k0)
<latexit sha1_base64="er+yF92xS7IJCTVe/1MxQwl/e3I="></latexit>

x
<latexit sha1_base64="Dnha3CfhWSm59XbqyAfzDz2XMI0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+ZTjPw=</latexit>

x ⇤ g
<latexit sha1_base64="GlRgcR3Sd/qEmy/UW1HuTofAzKo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRZBPJTdKuhJCl48VrQf0C4lm2a3oUl2SbJiWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvCDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfAmnImadMww2knURSLgNN2MLqZ+u1HqjSL5YMZJ9QXOJIsZAQbK90/nUX9csWtujOgZeLlpAI5Gv3yV28Qk1RQaQjHWnc9NzF+hpVhhNNJqZdqmmAywhHtWiqxoNrPZqdO0IlVBiiMlS1p0Ez9PZFhofVYBLZTYDPUi95U/M/rpia88jMmk9RQSeaLwpQjE6Pp32jAFCWGjy3BRDF7KyJDrDAxNp2SDcFbfHmZtGpV77xau7uo1K/zOIpwBMdwCh5cQh1uoQFNIBDBM7zCm8OdF+fd+Zi3Fpx85hD+wPn8AQ0ZjaE=</latexit>

y
<latexit sha1_base64="09pg/sjJIOGPLraOZRaZ1HBm0KM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWak765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV76Jaa15W6jd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AefXjP0=</latexit>

y ⇤ g�1
<latexit sha1_base64="NYdcgiWBlXh9l4kpZd9JimiPkOo=">AAAB73icbVBNSwMxEJ34WetX1aOXYBFEsOxWQU9S8OKxgv2Adi3ZNNuGZrNrkhWWpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zM82PBtXGcb7S0vLK6tl7YKG5ube/slvb2mzpKFGUNGolItX2imeCSNQw3grVjxUjoC9byRzcTv/XElOaRvDdpzLyQDCQPOCXGSu30dPCQnbnjXqnsVJwp8CJxc1KGHPVe6avbj2gSMmmoIFp3XCc2XkaU4VSwcbGbaBYTOiID1rFUkpBpL5veO8bHVunjIFK2pMFT9fdERkKt09C3nSExQz3vTcT/vE5igisv4zJODJN0tihIBDYRnjyP+1wxakRqCaGK21sxHRJFqLERFW0I7vzLi6RZrbjnlerdRbl2ncdRgEM4ghNw4RJqcAt1aAAFAc/wCm/oEb2gd/Qxa11C+cwB/AH6/AFk3o+I</latexit>
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What Do Groups 
Look Like?
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How big 
can groups get?



Direct Products

⇥
C3 C4
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Are there 
non-Direct Products?



Just wait…

Are there 
non-Direct Products?



Are all groups 
as boring as that one?



C3 ⇥ C4
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Abelian Groups
C3 C4
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How can we simplify big, 
complex groups?
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SUBGroups

Left cosets colored 

Right cosets are not the 
same



1 2 3 4

1 2 3 4

SUBGroups



QUOTIENT GROUPS
G



QUOTIENT GROUPS
G

g

gH



QUOTIENT GROUPS
G

g

g

g

H

Hg

g



QUOTIENT GROUPS



QUOTIENT GROUPS
eH

gH

gH

eH · gH = gH



QUOTIENT GROUPS



QUOTIENT GROUPS



QUOTIENT GROUPS



QUOTIENT GROUPS



QUOTIENT GROUPS
eH

gHg
2
H



QUOTIENT GROUPS

C3



Group Quotients

A4

V4

C3



Not All “Quotients” 
Succeed
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Can we 
compare groups?
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θ : C3 → C6

Example embedding
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Example non-embedding, non-surjection
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Are there 
non-Direct Products?



No more waiting!

Are there 
non-Direct Products?
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Semidirect Products
D3

⇠= C3 o✓ C2
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θ : C3 → Aut(V4)

generated by

θ(1) = h v d

Semidirect Products



cyclic group C3

each node h contains

a copy of θ(h)

semidirect product

group V4 !θ C3

Semidirect Products

C3 ✓(C3) ⇢ Aut(V4) A4
⇠= V4 o✓ C3



What groups 
are there?



• Cayley graphs generalize naturally to a group acting on 
any set of elements.


• E.g., here       acts on its own subgroups by right 
multiplication.

⟨f⟩

⟨rf⟩ ⟨r2f⟩

{e}

⟨r⟩

rr

r

f

Sylow Theory

D3



• The Fundamental Theorem of Abelian Groups tells us that 
the following groups exist.


• The nonabelian cases are the interesting ones.

Using Sylow Theory
Classifying the groups of order 8

C8 C4 ⇥ C2 C2 ⇥ C2 ⇥ C2



• First Sylow Theorem:  
There is a subgroup of order 4.


• Previous classifications:  It must be       or     .


• If it were     , we would have only elements of order 2, and 
thus the group would be abelian.

Using Sylow Theory
Classifying the groups of order 8

C4 V4

V4
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